Introduction
If Γ is a finite co-area Fuchsian group acting on H 2 , then the quotient H 2 /Γ is a hyperbolic 2-orbifold, with underlying space an orientable surface (possibly with punctures) and a finite number of cone points. Through their close connections with number theory and the theory of automorphic forms, arithmetic Fuchsian groups form a widely studied and interesting subclass of finite co-area Fuchsian groups. This paper is concerned with the distribution of arithmetic Fuchsian groups Γ for which the underlying surface of the orbifold H 2 /Γ is of genus zero; for short we say Γ is of genus zero.
The motivation for the study of these groups comes from many different viewpoints. For example, a classical situation, with important connections to elliptic curves is to determine which subgroups Γ 0 (n) of the modular group have genus zero. It is not difficult to show that the only possible values are 1 ≤ n ≤ 10, 12, 13, 16, 18 and 25. In addition, J. G. Thompson [43] showed that only finitely many congruence subgroups have genus 0. On the otherhand, it is easy to see that there are subgroups of genus 0 inside the modular group of arbitrary large finite index. For if Γ(2) denotes the principal congrence subgroup of level 2 in PSL(2, Z) (see §4.1), then H 2 /Γ(2) is a sphere with 3-punctures, and it is easy to construct an m-fold cyclic cover of H 2 /Γ (2) where two of the punctures have a single connected pre-image, and the last lifts to m punctures. The groups corresponding to these covers all have genus 0.
In addition, it is well-known that there are cocompact arithmetic Fuchsian groups of genus 0 (eg certain triangle groups [41] ) and indeed it is not difficult to construct infinitely many cocompact arithmetic Fuchsian groups of genus 0 (see Corollary 4.10). The main result of this paper is: Particular cases of genus zero Fuchsian groups arise as the index 2 subgroup consisting of orientation-preserving isometries in the group generated by reflections in the faces of a polygon in H 2 all of whose interior angles are integer submultiples of π. Hence, as a corollary of Theorem 1.1 we can prove the following strengthening of the results of Nikulin [33] in the case of dimension 2. (See [2] for similar results in dimension 3.) Corollary 1.2. There are finitely many (wide) commensurability classes of arithmetic reflection groups acting on H 2 .
Cocompact Fuchsian groups of genus 0 have abelianizations that are finite, and so are the 2-dimensional analogues of rational homology 3-spheres. If we restrict attention to arithmetic Fuchsian groups which have trivial abelianization (so analogues of integral homology 3-spheres) we obtain: Theorem 1.3. The only arithmetic Fuchsian groups with trivial abelianizations are the (2, 3, 7) and (2, 3, 11) triangle groups.
In this paper we also construct genus 0 arithmetic Fuchsian groups arising from defining fields of degrees ≤ 7, and make a detailed study of the case when the defining field is Q. In this case we give a complete list of maximal arithmetic Fuchsian groups of genus 0, including the non-cocompact setting (some of this has already appeared, see [36, 37, 10] and [20] for example).
To conclude the paper we discuss some comparisons with the 3-dimensional setting. For example, recall that if M = H 3 /Γ is a closed orientable hyperbolic 3-manifold, the injectivity radius of M (denoted by injrad(M )) is defined as the largest number r such that for all p ∈ M , the ball B(p, r) centered at p of radius r is isometric to the r-ball in H 3 . The following question of Cooper has attracted some interest recently.
Question 1.4. Let M be a closed hyperbolic 3-manifold which is a rational homology 3-sphere (i.e. the first betti number of M is 0). Does there exist a K ∈ R, independent of M , such that injrad(M ) ≤ K?
Using residual finiteness, an affirmative answer to this question implies every closed hyperbolic 3-manifold has a cover with first betti number at least 1 (see [22] for more on this). Very recently, F. Calegari and N. Dunfield [7] have answered this question in the negative. They construct arithmetic rational homology 3-spheres arising from the division algebra over Q( √ −2) ramified at the two places lying above 3 in Q( √ −2) and with arbitrarily large injectivity radii.
The construction of [7] assumes the existence of certain galois representations of Gal(Q( √ −2)/Q( √ −2)) that although predicted by the general framework of the Langlands correspondence are not yet known to exist. However an unconditional proof of this has now been established in [6] .
With this in mind, we prove the following result in dimension 2. In particular, K does not depend upon how many orbifold points there are, only on the maximal order of an elliptic element. Thus, Theorems 1.1 and 1.5 easily show that the 2-dimensional analogue of the result of Calegari and Dunfield does not hold (see Corollary 4.13).
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Number theoretic preliminaries
We will make use of results and definitions from number theory (see [21] and [31] for details) and the theory of quaternion algebras (see [27] or [44] for details) 2.1. By a number field k we mean a finite extension of Q. The ring of integers of k will be denoted R k . A place ν of k will be one of the canonical absolute values of k defined in [21] , p.34 -35. The finite places of k correspond bijectively to the prime ideals of R k . An infinite place of k is either real, corresponding to an embedding of k into R, or complex, corresponding to a pair of distinct complex conjugate embeddings of k into C. We refer the reader to [21] , p.36 for the definition of the completion k ν of k at a place ν. When ν is an infinite place, k ν is isomorphic to R or C depending on whether ν is real or complex.
If A is an ideal of R k , the norm of A is the cardinality of the quotient ring R k /A and will be denoted NA.
2.2. Let k be a field of characteristic different from 2. The standard notation for a quaternion algebra over k is the following. Let a and b be non-zero elements of k. Then a,b k denotes the quaternion algebra over k with basis {1, i, j, ij} subject to i 2 = a, j 2 = b and ij = −ji.
Let k be a number field, and ν a place of k. If B is a quaternion algebra defined over k, the classification of quaternion algebras B ν = B ⊗ k k ν over the local fields k ν is quite simple. If ν is complex then B ν is isomorphic to M (2, k ν ) over k ν . Otherwise there is, up to isomorphism over k ν , a unique quaternion division algebra over k ν , and B ν is isomorphic over k ν to either this division algebra or to M (2, k ν ).
Let B be a quaternion algebra over the number field k. B is ramified at a place ν of k if B ν is a division algebra. Otherwise we say B is unramified at ν. We shall denote the set of places (resp. finite places) at which B is ramified by Ram(B) (resp. Ram f (B)). The discriminant of B is the R k -ideal ν∈Ram f (B) P ν where P ν is the prime ideal associated to the place ν.
We summarize for convenience the classification theorem for quaternion algebras over number fields (see [27] If B is a quaternion algebra over k, and K is an extension field of k, then K is called a splitting field
There is the following classification of quadratic extensions of k that are splitting fields for B (see [27] Chapter 7 or [44] Chapter 3). Theorem 2.2. Let B be a quaternion algebra over the number field k and K a quadratic extension of k. The following are equivalent:
• K is a splitting field for B;
Arithmetic Fuchsian and Kleinian groups
We recall the definition and some properties of arithmetic Fuchsian and Kleinian groups (see [27] for details).
3.1. Let k be a totally real number field of degree n, and let B be a quaternion algebra defined over k which is ramified at all infinite places except one. In both the Fuchsian and Kleinian cases, the isomorphism class of the quaternion algebra B/k determines a wide commensurability class of groups in PSL(2, R) and PSL(2, C) respectively (see [27] Chapter 8). From the classification Theorem 2.1 for quaternion algebras over number fields the isomorphism classes of such quaternion algebras will be completely determined by the finite set of places of k at which B is ramified.
3.2.
As was shown by Borel [5] there are infinitely many maximal groups in the commensurability class of an arithmetic Fuchsian or Kleinian group. The description of these maximal groups was reformulated in [8] (see also [27] Chapter 11) using Eichler orders as follows:
Let k be a number field and B a quaternion algbera over k. An Eichler order E is defined to be the intersection of two maximal orders O, O . Let S be the finite set of finite places ν of k such that
where π ν is a uniformizer of k ν . The level of E is the set (or the product) of ideals P nν ν , ν ∈ S. If, for each ν ∈ S, n ν = 1 then E is said to be of square-free level S.
Now suppose that k is totally real, B is ramified at all real places except one with ρ : B → M 2 (R) and E is an Eichler order in B. Let 
and the conjugacy classes of the maximal Fuchsian groups are the groups Γ
for n square-free, which are familiar as the normalizers in PSL(2, R) of the groups Γ 0 (n).
Proofs

4.1.
Recall that a congruence subgroup of PSL(2, Z) is any subgroup of PSL(2, Z) that contains a principal congruence subgroup Γ(n) of level n for some n where
More generally, a non-cocompact arithmetic Fuchsian group Γ is congruence if some conjugate of Γ in PGL(2, R) contains some Γ(n). From the discussion of the non-cocompact case in Example 3.2, it follows that all maximal arithmetic Fuchsian groups commensurable with the modular group are congruence.
We need to extend this definition to the cocompact setting. To this end, let B be a quaternion algebra over a totally real field k and let O be a maximal order of B. Let I be an integral 2-sided O-ideal in B which means that I is a complete
Since O/I is a finite ring, O 1 (I) has finite index in O 1 . 
4.2. Proof of Theorem 1.1. By Lemma 4.2, the second part of the Theorem will follow from the first. Also, if a commensurability class contains an arithmetic Fuchsian group Γ of genus zero, then any Fuchsian group containing Γ will also have genus zero, so the last part of the theorem follows from the second. Thus assume we have an infinite sequence {Γ i } of non-conjugate congruence arithmetic Fuchsian groups of genus 0. Then the Area(H 2 /Γ i ) → ∞ as there are only finitely many conjugacy classes of arithmetic Fuchsian groups of bounded area (see [5] [42]).
We now make use of the following important result about congruence subgroups (see [15] , [18] and [45] ).
Theorem 4.3. If Γ is a congruence arithmetic Fuchsian group then
where λ 1 (Γ) is the first non-zero eigenvalue of the Laplacian of Γ.
On the other hand, we have the following remarkable result of P. Zograf [47] .
Theorem 4.4. Let Γ be a Fuchsian group of finite co-area and let the genus of
We now have a contradiction, for with g(Γ i ) = 0, and Area( The inequalities in Theorems 4.3 and 4.4 give an upper bound on the co-area of a maximal (resp. congruence) arithmetic Fuchsian group of genus zero as:
This inequality together with the data defining the maximal arithmetic group can be used to determine those of genus zero and for groups defined over Q, a complete enumeration is carried out in §5.
Corollary 4.5. There is an upper bound to the order of an elliptic element in an arithmetic Fuchsian group of genus 0.
Proof: Since there are only finitely many commensurability classes of arithmetic Fuchsian groups of genus 0, there is a bound on the degree of the defining fields k of these groups. If an arithmetic Fuchsian group contains an element of order n ≥ 2, then k contains Q(cos 2π/n) and it is well-known that the degree of this field goes to infinity with n.
Remarks:(1) The same arguments hold for arbitrary fixed g.
(2) It was previously known that there were finitely many n such that the groups N (Γ 0 (n)), where N indicates the normalizer in PSL(2, R), had genus 0 (see [36] and [37] ). Intriguingly, these values of n are related to the properties of the Monster simple group (see [10] and [20] for more). For example Ogg (cf. [35] ) observed that that those primes p for which the groups N (Γ 0 (p)) have genus 0, coincides with those primes p dividing the order of the Monster simple group (see Table 1 ).
4.3.
Our results can be interpreted in terms of Shimura curves (see [40] and also [1] for Shimura curves over Q). By a Shimura curve we mean a quotient
where E is an Eichler order (not necessarily of square free level).
Corollary 4.6. There are only finitely many Shimura curves of genus zero.
Proof: A mild adaptation of the argument in Lemma 4.2 shows that Γ 1 E is a congruence group even when E is not of square-free level. That the aforementioned triangle groups are arithmetic groups can be found in [41] .
The proof will require the following lemma (for notation, see §5 below). Proof: Since Γ is cocompact and of genus zero, it has a presentation as given at (3) with g = t = 0. Suppose the m i are not pairwise coprime. Then, after reordering if necessary, let the greatest common divisor of m 1 , m 2 be m. We construct a homomorphism from Γ onto Z/mZ, and obtain a contradiction. Let Z/mZ =< α >. Define a homomorphsim φ : Γ →< α > by:
The result now follows.
Note that the lemma has the following easy corollary that provides lots of genus 0 arithmetic Fuchsian groups (e.g. apply the corollary to the (2, 4, 6) triangle group). Proof: It is easy to check that the kernel of φ as defined in the lemma has genus zero and the period m 3 is repeated m times. The process can then be iterated.
Proof of Theorem 4.8 First observe that if H
O so that Γ is derived from a quaternion algebra A over k = Q(trΓ). But then A must be unramified at all finite places since, otherwise, Γ would have a non-trivial finite cyclic quotient (see e.g. [32] ). This then implies, by Theorem 2.1, that n = [k : Q] is odd. Now the co-area
The discriminant ∆ k of a totally real field k has the lower bound given by Odlyzko [34] The only signatures satisfying Lemma 4.9 are then the triangle groups (0; 2, 3, 7; 0), (0; 2, 3, 11; 0), (0; 2, 3, 19; 0), (0; 2, 7, 9; 0) and by Takeuchi [41] only the first two are arithmetic. Proof: By Corollary 4.10, this result follows immediately for all commensurability classes except those containing the groups with signatures (0; 2, 3, 7; 0) or (0; 2, 3, 11; 0). However, the commensurability classes of these two groups contain groups of genus 0 which satisfy the conditions of Corollary 4.10 [29] .
4.5. Proof of Theorem 1.5. Consider a cone point a on F of cone angle 2π/α. The disc of radius ρ centered at a has circumference 2πsinh(ρ)/α and exactly as in the proof of the 2π theorem, for sufficiently large ρ = ρ(α), one can remove this disc and replace it by a smooth disc equipped with a metric of negative curvature. It follows that if we place a disc D i of radius ρ(α i ) about each cone point a i on the surface, this family of discs cannot be disjoint, else we could remove them all and replace each cone disc by a smooth disc equipped with a metric of negative curvature; thus obtaining a metric of negative curvature on a sphere or a torus which is impossible.
By shrinking two discs which do meet we see that we can find two loops on the surface, γ 1 and γ 2 which touch at one point, each representing finite order elements. By construction, γ i has length at most 2πsinh(ρ(α i ))/α i , so that the loops γ 1 ·γ 2 and γ 1 ·γ −1 2 both have length at most 2πsinh(ρ(α 1 ))/α 1 +2πsinh(ρ(α 2 ))/α 2 . If orientations are chosen so that, say, γ 1 · γ 2 is a simple loop, it cannot be nullhomotopic, else the surface has exactly two cone points and is either bad or spherical, both of which have been ruled out. If it represents a hyperbolic element we are done (it has length bounded above by a constant depending only on the order of the cone points), so the only possibility is that this element is elliptic and F is a sphere with three cone points.
It follows that the elements γ 1 and γ 2 cannot both have order two, for this implies the cone angle at each cone point is π and therefore the Euler characteristic of F is positive, a contradiction. Suppose that γ 2 has order at least three; in the negatively curved triangle group
2 is hyperbolic and the proof is complete. Then there is a number K (which is at most 4π) so that F contains a geodesic of length at most K.
We will not include a proof here. The proof is similar to that of Theorem 1.5 with the added control given by the fact that (in the language of Theorem 1.5) it can be shown that as the radius ρ(α i ) → ∞ the circumference of the resulting circle is uniformly bounded.
Examples
Many examples of arithmetic Fuchsian groups of genus 0 are known. In this section, we give a complete enumeration of all maximal arithmetic Fuchsian groups of genus 0 which are defined over Q. We also list some further examples for fields of larger degrees over Q.
Recall that any Fuchsian group Γ of finite co-area has a presentation of the form:
The parameters appearing in the presentation -(g; m 1 , . . . , m r ; t) -form the signature of the group Γ and determine its isomorphism class. The integers {m 1 , m 2 , . . . , m r } are the periods of the group. Its co-area is given by
Furthermore, H 2 /Γ is non-cocompact if and only if t = 0. Now consider arithmetic Fuchsian groups defined by a quaternion algebra B over a totally real number field k as described in §3. In the cases where Γ is non-cocompact, the maximal such groups are the normalizers N (Γ 0 (n)) of Γ 0 (n) for n square-free as described in §3.3 and the group theoretic structure of these groups is described in [17, 24] . From these descriptions, the values n such that N (Γ 0 (n)) has genus 0 can readily be deduced as can the signature. These are tabulated in Table 1 . (See also [36, 20] and Remarks 5.2 and 5.4 below).
So now let us suppose that Γ is cocompact. All arithmetic triangle groups i.e. those with signatures (0; m 1 , m 2 , m 3 ; 0) have been determined in [41] and all those of signature (0; 2, 2, 2, q; 0) in [42, 28] . Other cases where the signature has the form (0; m 1 , m 2 , m 3 , m 4 ; 0) are considered in [3, 4] . As already noted, there are only finitely many conjugacy classes of arithmetic Fuchsian groups of any given signature [42] , but there are infinitely many conjugacy classes of arithmetic Fuchsian groups of genus 0 (Corollary 4.11). However, as given in Theorem 1.1, there are only finitely many conjugacy classes of maximal arithmetic Fuchsian groups of genus 0. As noted in §3.2, these groups have the form Γ
where E is an Eichler order of square-free level S in the quaternion algebra B and the decoration '+' indicates that all elements must have positive norm. The co-area of Γ + E is given by the number theoretic data defining B and S [5] and the periods {m 1 , m 2 , . . . , m r } can also be determined from this data [25, 26] . Thus using (4), one can determine the genus.
5.1.
Maximal arithmetic Fuchsian groups defined over Q. Let B be a quaternion algebra defined over Q which is indefinite, i.e. B ⊗ Q R ∼ = M 2 (R). The isomorphism class of B is then determined by the finite set Ram f (B), of even cardinality, of primes p 1 , p 2 , . . . , p 2m , these being the primes at which B is ramified (see Theorem 2.1). Let S be a finite set of finite primes disjoint from Ram f (B) and let E be an Eichler order of square-free level S. All Eichler orders of level S in these quaternion algebras over Q are conjugate in B * . The maximal arithmetic Fuchsian groups in the commensurability class defined by B are the groups Γ + E as described in §3.2. Furthermore, [5] ,
For simplicity, we assume that m ≥ 1, since the case m = 0 corresponds to the non-cocompact groups. The formula given in [26] (see also [44] ), from which one can determine the periods of any maximal arithmetic Fuchsian group becomes considerably simplified over Q and in the next subsection we deduce the periods of each Γ + E in terms of the primes p ∈ Ram f (B) and q ∈ S. 
Torsion in
Now suppose Γ
+ E contains an element of order r > 2. Then r = 3, 4 or 6 and there exists an embedding σ : Q(e 2πi/r ) → B such that N (E) + contains a conjugate of σ(u) where u = 1 + e 2πi/r (see [8, 27] ). Conditions for the existence of such an embedding are given in Theorem 2.2 and are incorporated into the formula (6) below. Since n(u) ∈ H(S) we must have 2 + 2 cos 2π/r | D.
Now suppose that Γ
+ E contains an element of order 2. Then there exists α ∈ N (E) + such that α 2 ∈ Q * and so α 2 = −n(α). Since α is only determined up to scalar multiples, we can take n(α) = d | D. In this case, there exists an embedding σ :
Thus, given B and S, we define We adopt the following notation (see [13, 44, 26] )
where, as usual, L p takes the values 1,0 or −1 according as p splits, is ramified or is inert in the extension L | Q. Then, adapting the formula in [26] to these cases, we have (cf. [44] ):
where h(L) is the class number of L, η(u) = 1 unless u = 1 + e 2πi/3 and 3 |D or u = √ −1 and 2 |D in which cases η(u) = 0, and
It should be noted that necessary and sufficient conditions for N (E) + to contain images of u have been given in [8] . In these cases of groups defined over Q, these conditions are incorporated into the definition of F and the formula for s(u) at (6). (1) Similar calculations to this were made in [14] and details appear in [1] for the groups Γ 1 E which correspond to Shimura curves. (2) This result essentially appears in the guise of groups of units of orthogonal transformations of ternary quadratic forms over Q in [30] . (3) Re-interpreting the results for the non-cocompact case in [17, 24] shows that this result also holds true when m = 0. Furthermore, the results in [17, 24] show that each Γ + E contains just one conjugacy class of parabolic cyclic subgroups.
Now consider elements of order 2 in Γ
+ E which correspond to u = √ −d, d | D.
For clarity, we replace s(u) by s(d).
To simplify our statements, it is convenient to express our results in terms of h 2 (L) which is defined to be the order of C(L) 2 , the subgroup of the class group C(L) generated by the squares of elements in C(L). We also use n(d) to denote the number of primes dividing 
and let E be an Eichler order of level S. Let s(d) denote the number of conjugacy classes of elements of order 2 in Γ
: a) Suppose 2 |D and d ≡ 1(mod 4).
: b) Suppose 2 |D and d ≡ 3(mod 4).
for all i and L q j = −1 for all j.
: c) Suppose that 2 ∈ S and d ≡ 1, 2(mod 4) or that 2 ∈ Ram f (A).
: d) Suppose 2 ∈ S and d ≡ 3(mod 4). then 
In this case there will be two terms in the summation at (6) . As in a), the term corresponding to 
where a (na) indicates that the period a is repeated n a times. We have seen that n 6 , n 4 , n 3 , n p ∈ {0, 1} and, if n 6 = 1 then n 3 = 0. Also, in the notation of Theorem 5.3
Finally the genus g can then be determined from the co-area formulas (4) and (5).
If the maximal group Γ + E is to have genus 0, then the bound obtained from Zograf's Theorem 4.4 and (2) show that
We can then determine all possibilities for Ram f (A) and S which satisfy this inequality, noting in particular that the number of primes in Ram f (A) ∪ S is no greater than 6. For each such selection of primes we can determine the number of periods of each order and, in the non-cocompact case, the number of parabolic classes, from Theorems 5. 
where, as in §5, D is the product of the distinct primes in
for some fixed k. But then, the first term on the right hand side of (8) (8) ; 0) 3,13 (0; 6, 2 (7) ; 0) 3,17 (0; 2 (10) ; 0) 3,19 (0; 6, 2 (9) ; 0) 3,23 (0; 2 (12) ; 0) 3,31 (0; 6, 2 (13) ; 0) 7,11 (0; 2 (12) ; 0)
Ram f (A) S Signature 2,3,5,7 ∅ (0; 2 (5) ; 0) 11 (0; 2 (10) ; 0) 13 (0; 2 (11) ; 0) 17 (0; 2 (13) ; 0) 19 (0; 2 (14) ; 0) 2,3,5,11 ∅ (0; 6, 2 (4) ; 0) 7 (0; 6, 2 (9) ; 0) 13 (0; 6, 2 (14) ; 0) 2,3,5,13 ∅ (0; 2 (6) (14) ; 0) 2,3,7,11 ∅ (0; 4, 2 (5) ; 0) 5 (0; 4, 2 (10) ; 0) 2,3,7,13 ∅ (0; 2 (7) ; 0) 5 (0; 2 (13) ; 0) 2,3,7,17 ∅ (0; 2 (8) ; 0) 2,3,7,19 ∅ (0; 4, 2 (7) ; 0) 2,3 7,23 ∅ (0; 4, 2 (8) ; 0) 2,3 7,29 ∅ (0; 2 (11) ; 0) 2,3,7,31 ∅ (0; 4, 2 (10) ; 0) 2,3,7,41 ∅ (0; 2 (14) ; 0) 2,3,7,47 ∅ (0; 4, 2 (14) ; 0) 2,3,11,13 ∅ (0; 2 (9) ; 0) 2,3,11,17 ∅ (0; 6, 2 (9) ; 0) 2,3,11,19 ∅ (0; 4, 2 (10) ; 0) 2,3,11,29 ∅ (0; 6, 2 (14) ; 0) 2,3,13,17 ∅ (0; 2 (12) : 0) 2,3,13,23 ∅ (0; 2 (15) ; 0) 2,3,17,19 ∅ (0; 2 (16) ; 0) 2,5,7,11 ∅ (0; 2 (9) ; 0) 3 (0; 2 (14) ; 0) 2,5,7,13 ∅ (0; 2 (10) ; 0) 2,5,7,17 ∅ (0; 2 (12) : 0) Table 3 . Cocompact groups with four ramified primes.
Further examples.
For several signatures, all conjugacy classes of arithmetic Fuchsian groups of that signature have been listed. In particular, for cocompact groups of genus 0 and r = 3 this was done by Takeuchi, [41] , for (0; 2, 2, 2, q; 0) see [42, 28] and [3] , and for an extensive list of genus 0 and r = 4 see [4] . For quadratic fields, [19] provides lists, and we incorporate some of these in our table. We have done extensive calculations in search of examples of genus 0, and have found many up through degree 7. Table 4 displays part of these calculations. The columns of the table show the degree of the field k over Q, the discriminant of the field k (which in these cases uniquely determines it), the finite places at which the associated quaternion algebra is ramified, and the signature of the maximal group Γ + O , where O is a maximal order of B (using the same conventions as in Tables 1 to 3 ). These groups are of minimal covolume in their commensurability class.
In §5.2 we adapted the formula given in [26] to give a more amenable form for calculating the periods of maximal arithmetic Fuchsian groups defined over Q. Here we again give simplified versions of the formula in [25] which determines the periods in Γ + O where O is a maximal order in some quaternion algebra B over the field k. For this we introduce some notation, as we did at the start of §5.2 (see [5, 25] for details). Let D denote the subgroup of the group I k of fractional ideals of k generated by all P ∈ Ram f (B). Then Γ
In the cases where k has class number 1, Γ + O corresponding to m or n is given by the number s(u) for which a formula is given below under special circumstances which apply to many of the examples on Table 4 .
For any such u as just described, let L denote the totaly imaginary quadratic
where h(L), h are the class numbers of L, k respectively, R * k,+ is the group of totally positive units in R k and
We refer to the factor [H :
as the H-index. When the class number of k is 1, as noted above, H can be replaced by R * f,+ and the H-index becomes
and the H-index is 1. The formula for s(u) given in [25] and at (9) enables one to determine the periods of the maximal groups Γ + O and the co-area is also given [5] in terms of the arithmetic data by (10) Co − area Γ
. In all the examples that follow extensive use has been made of Pari [9] to determine the arithmetic information required to enumerate the periods and evaluate the co-area from the formula at (10).
Here k = Q(t) where t satisfies t 3 + t 2 − 6t − 1 = 0 and h k = 1. The fundamental units are t, t − 2 and R * f,+ = R * k,+ has order 2 modulo R * k 2 and is generated by t(t − 2). Estimating ζ k (2) using Pari, we obtain the co-area of Γ 
Let k = Q(t) where t satisfies t 6 + t 5 − 7t 4 − 2t 3 + 7t 2 + 2t − 1 = 0. Then k is a totally real field of discriminant 300125 = 5 3 7 4 and h k = 1. Indeed d k is minimal for totally real fields of degree 6. k can also be described as the compositum of the fields Q( √ 5) and Q(cos 2π/7). There is a unique k-prime P 2 dividing 2 (of norm 2 6 ).
Computing a system of fundamental units we obtain that [H : For u = 1 + i or u = i, {1, u} is a relative integral basis of k(u) = L over k. Now h(L) = 3 and the H-index is readily calculated to be 1 so that, in both cases, from (9) we have s(u) = 3. For u = 1 + e 2πi/5 , {1, u} is again a relative integral basis and (9) applies. In this case h(L) = 2. There cannot be an α = a + be 2πi/5 ∈ R L such that N L|k (α) = 2 and T r 2 L|k (α) ∈ 2R k so that the H-index is 2. Thus s(u) = 1. For u = √ −2, {1, u} is a relative integral basis and in this case h(L) = 9 and the H-index is obviously 1. We thus obtain that Γ + O has signature (0; 2 (9) , 4 (3) , 5; 0).
Here k = Q(t) where t satisfies t 7 − t 6 − 7t 5 + 5t 4 + 13t 3 − 6t 2 − 7t + 1 = 0. Using Pari we obtain that R * k,+ = R * k 2 and h k = 1 so that Γ O , see [39] .
The 3-dimensional picture
One of our motivations was to understand the analogous situation in dimension 3. As discussed in the Introduction, unlike the 2-dimensional case discussed here, there are arithmetic rational homology 3-spheres with arbitrarily large injectivity radius. However, the construction of [7] provides commensurable rational homology 3-spheres. In particular the following are still open. In the spirit of [7] , we discuss a conjectural answer to this below. 6.1. We begin with some notation:
Let Γ be a non-cocompact Kleinian (resp. Fuchsian) group acting on H 3 (resp. H 2 ) with finite co-volume. Let U(Γ) denote the subgroup of Γ generated by parabolic elements of Γ. Note that U(Γ) is visibly a normal subgroup of Γ, and we may define:
Setting r(Γ) = dim Q (V (Γ)), then it follows from standard arguments that r(Γ) denotes the dimension of the space of non-peripheral homology. [16] , and Cremona [12] , suggest the following: (as discussed in §1, this is established for d = 2 in [6, 7] ). As evidence of this, it is shown in [12] that of all integral ideals A ⊂ Z[i] with norm ≤ 500 only 76 give rise to groups with r(Q) > 0. With reference to Conjecture 6.5(b) [12] shows that this holds for prime ideals of norms 13, 37, 61, and 73, but fails for a prime of norm 97.
As in [7] , the relevance of these conjectures to the cocompact setting follows from the Jacquet-Langlands correspondence (see [18] and also [7] Theorem 3.3). A consequence of this is. As an example of an arithmetic integral homology 3-sphere one can take the 3-fold cyclic branched cover of the (−2, 3, 7)-pretzel knot. The invariant trace field is Q(θ) where θ has minimal polynomial x 6 − x 5 − x 4 + 2x 3 − 2x 2 − x + 1. This generates a field of signature (4, 1) and discriminant −104483. The algebra B is ramified at all the real places and unramified at all other places. All of this can be checked using Snap (see [11] ).
